
Cooper pairs

Let us consider Fermi gas Inoninteracting) characterized by Farmi energy
denoted by EF
Let us distinguish a pair of fermious located in the vicinity of Fermi

surface .

We assume that the pair of fermions interacts through an attractive

interaction
.

For simplicity we disregard interaction of the pair with the rest of
the system .

The presence of owner fermions is felt by the pair through Pauli

principle .

The wave function of the pair will be denoted by 4 (ri8 , 52) ,

where 5
,
5 are spin projections on y-axis .

Since the interaction is assummed to be spin-independent therefore
spins are decoupled from the spatial part of the wave function .

since our fermion possess Si = E spin therefore as a whole

the pair can possess
either the total spin zero :

100) = ( + )( - 2) - (t - )(t))
↑ IEn

or the total spin It :

(11) = 1 +)| - )

(10) = (1 + )(2 - ) + 12 -2)(2 + ))
(1 -1) = (2 -2)|t - )



Thus we can either have :

YoCr, = , EC2) = Yo(,) 100) = spin singlet state

↑(, 2 , 2 c) = G(5 , z) (10) E spin triplet state
8 = 5 + 52 , = 0, #

Since the wave function has to be antisymmetric :

↑(5, = , ziz) =
- 4(=52 ,, k)

therefore :

Yo (F, E2) = Yo(F , )

4- (5 , ) =
- 4, (2 , vi)

This is a consequence of symmetry of the spin part :

100) is antisymmetric
11 5) is symmetric

Since the interaction is attractive we expect that its effect will be

pronounced the most for you

Expressing yo( ,E) in plane wave basis one gets :
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Introducing center of mass coordinates :
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Hence we can write :
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Go(R , r) = Re" e I 3with condition : (T = Ci -5
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We are going to consider the case of R = 0 (pair at rest) .

It implies that B = - Ec = Es

Hence we get :

Yo(r) = 2: centr and 65= 205
=

2-5

1k1= kF

We look for the solution of Schrodinger eq . (time independent) :

1

(**) H C,2) = E 40(,,)
where # = -P,

"

- +
= Mo+ I

describes attractive interaction
Hamiltonian in center of mass coordinates reads :

i = -en- + v(E) ;
M = 2m

, m
= 2

Hence instead of (**) we have

# 40 (R , i) = E yo(, i)
Note that since we put

R = 0 then go does not depend on is



oreover we need to take into account somehow the presence of other

particles. Therefore we assume that the only available (unoccupied)
states are those with k = kr ·

Note that if 2 = 0 and we place the pair at Fermi surface ie
. (B) = ke

then E = 25F = 2 E
.

It means that in the expression (x) the summation

is limited to (E) = kr ·

substituting (*) to ep . (**) one gets :
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Multiplying the ep . by Me-ih

!-
IV is volume of the system) and
-gitrdo = Vona) one gets :integrating over o (note that Se"

E-2 = Se-in! (r) ein r

-
V'E

Thus finally :
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In order to solve (**) one need to substitute the form of

the interaction in order to evaluate matrix element VIE

However the main feature of the solution can be obtained using
a simplified form of Vit :

Van = G-Vo : bik-ka where k
,
is

0
a parameter .

Moreover let us replace summation on whs by integration :

- Is i
k = kF

Hence one gets :

C
k

- 45 dten
where we assumed that =On (no dependence on spatial orientation of i)
and changing variables : b + 2 = - = dk =Ec
1) =
- S" It EE 2E

c) = E
:
TS)"Sic(lds' gidaI

Sig(/c()de = VoS2-E g(9) da Sig( (e) de
1 = v. See de = ? El! %g(er)log)

where the density of states per spin for a Fermi gas reads :

g(z)= :(E)**I I



Hence we get :

1 Vg(25) log EE
Let us denote : 0 = 22= - E and hup = -Ef

Then
1 = %g(2) logt

Chwi+ = exp(og(er)]↳

· /exp/aiget a
gen-

In the limit of weak interaction Vog(er) <1 it leads to :

- = 2 tw e voga

The above relation indicates that for arbitrarily weak interaction
the energy of the pair of particles placed at the Fermi surface
is lowered by 0 = 22F - E <0

.

Moreover it is crucial that the pair is immersed in Fermi gas (Cr>0) .

Otherwise 2q
= 0 = g(2) = 0 = 0 = 0

.

structure of the pair wave function
The spatial part of the wave function reads (see (x)) :
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From the equation for coefficients In it is clear that they do not

depend on orientation of E :

cr =

cu zen", e
e

1k1<ka
Hence we have : 3
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where Oh = k-kF
free

If Ohrs1 : etidkr-l and yo(r) = const
.
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36 Chris : filefiobran= r etiohrf(h))rStetiora
Therefore in this limit Safklefiobrdk vanishes at leat as I

consequently the distances at which the behavior of yo(r) changes
from ~inter) to ↓ read Okr= 1

-2

Note however that the integrand vanishes effectively for et-cer



Hence we can set the effective limit on K :

= 29+

↳
Hence from the condition : (k -kr) r = 1

E
~-

D

Hence we can call the distance : It entr one size of copper pair



Appendix
1 Invarious books (r2) is evaluated in the following way

dr2) =

Sr" 40(r)1dir

S1Y0Cdi Yo()
= Sdkf(k) eit

f(x) =

- E
fow be (4, kc)
otherwise f(k) = 0

.
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S140C)dr=S din If (wl" 2 i = (i) 4nYf(h)/dm= (i) in Few of da
Hence

siteara = 16here=↑

Tris= = =4 ir at
There is however a subtlety which is usually ignored . Namely f is (*)
discontinuous (at least at 35) which makes a singwar .


