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SScatteringcattering atat lowlow energiesenergies
((ss--wavewave scatteringscattering))
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What is the unitary regime?What is the unitary regime?
A gas of interacting fermions is in the unitary regime if the average 
separation between particles is large compared to their size (range of 
interaction), but small compared to their scattering length.
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Expected phases of a two species dilute Fermi system Expected phases of a two species dilute Fermi system 
BCSBCS--BEC crossoverBEC crossover

BCS BCS SuperfluidSuperfluid
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In dilute atomic systems experimenters can control nowadaysIn dilute atomic systems experimenters can control nowadays
almost anything:almost anything:
•• The number of atoms in the The number of atoms in the tratrap: tp: typicallyypically about 10about 1055--10106 6 atoms atoms 

divideddivided 5050--50 among50 among the lowest two hyperfine statesthe lowest two hyperfine states..
•• The density of atomsThe density of atoms
•• Mixtures of various atomsMixtures of various atoms
•• The temperature of the atomic cloudThe temperature of the atomic cloud
•• The strength of this interaction is fully tunable!The strength of this interaction is fully tunable!

Who does experiments?Who does experiments?
•• Jin’s group at Boulder  Jin’s group at Boulder  
•• Grimm’s group in InnsbruckGrimm’s group in Innsbruck
•• Thomas’ group at DukeThomas’ group at Duke
•• Ketterle’sKetterle’s group at MIT group at MIT 
•• Salomon’s group in ParisSalomon’s group in Paris
•• Hulet’sHulet’s group at Ricegroup at Rice

Physics Today, v54, 20 (2001)



One One fermionicfermionic atom in magnetic fieldatom in magnetic field
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Nuclear spin      Electronic spin

TwoTwo hypefinehypefine statesstates areare
populatedpopulated inin thethe traptrap

CollisionCollision of of twotwo atomsatoms:: At low energies (low density of atoms) only L=0 
(s-wave) scattering is effective.

•• Due to the high diluteness atoms in the same hyperfineDue to the high diluteness atoms in the same hyperfine
state do not interact with one anotherstate do not interact with one another..

•• Atoms in different hyperfine states experience interactions Atoms in different hyperfine states experience interactions 
only in sonly in s--wave.wave.
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One open channel with one resonant bound state
(s-wave scattering)

Regal and Jin, PRL 90, 230404 (2003)
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EvidenceEvidence for for fermionicfermionic
superfluiditysuperfluidity: : vorticesvortices!!

M.W. Zwierlein et al., 
Nature, 435, 1047 (2005)

6system of fermionic   atomsLi
FeshbachFeshbach resonanceresonance: : 

B=834GB=834G

BEC side:
a>0

BCS side:
a<0

UNITARY REGIMEUNITARY REGIME

Numerical simulations: see movies at www.phys.washington.edu/groups/qmbnt/vortices_movies.html



- Spin up fermion

- Spin down fermion

External conditions:
  - tem p era tu re
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More details of the calculations:More details of the calculations:

•• Lattice sizes usedLattice sizes used: 6: 63 3 –– 101033. . 
ImaginaryImaginary timetime steps:steps:883 3 xx 300300 (high Ts) to (high Ts) to 883 3 x 1x 1800800 (low Ts)(low Ts)

•• Effective use of FFT(W) makes all imaginary time propagators diEffective use of FFT(W) makes all imaginary time propagators diagonal (either in agonal (either in 
real space or momentum space) and there is no need to store largreal space or momentum space) and there is no need to store large matricese matrices..

•• Update field configurations using the Metropolis importance sampUpdate field configurations using the Metropolis importance sampling algorithmling algorithm..

•• Change randomly at a fraction of all space and time sites the sChange randomly at a fraction of all space and time sites the signs the auxiliary igns the auxiliary 
fields fields σσ((rr,,ττ) so as to maintain a running average of the acceptance rate bet) so as to maintain a running average of the acceptance rate betweenween
0.4 and 0.6 0.4 and 0.6 ..

•• ThermalizeThermalize for 50,000 for 50,000 –– 100,000 MC steps or/and use as a start100,000 MC steps or/and use as a start--upup field field 
configuration a configuration a σσ(x,(x,ττ))--field configuration from a different Tfield configuration from a different T

•• At low temperatures use Singular Value Decomposition of the evoAt low temperatures use Singular Value Decomposition of the evolution operator lution operator 
U({U({σσ}) }) to stabilize the to stabilize the numericsnumerics..

•• Use Use 2200,00000,000--2,000,000 2,000,000 σσ(x,(x,ττ))-- field configurations for calculationsfield configurations for calculations

•• MC correlation MC correlation ““timetime”” ≈≈ 2250 50 –– 3300 time steps00 time steps at T at T ≈≈ TTcc



DeviationDeviation fromfrom Normal Fermi Normal Fermi GasGas

BogoliubovBogoliubov--Anderson  phononsAnderson  phonons
and and quasiparticlequasiparticle contributioncontribution
(d(dashedashed linlinee ))

BogoliubovBogoliubov--Anderson phonons Anderson phonons 
contribution only (contribution only (dotteddotted lineline))

QuasiQuasi--particle contribution onlyparticle contribution only
(d(dottedotted line)line)

Normal Fermi Gas
(with vertical offset, solid line)(with vertical offset, solid line)
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ThermodynamicsThermodynamics of of thethe unitaryunitary FermiFermi gasgas
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LowLow temperaturetemperature behaviourbehaviour of a of a FermiFermi gasgas inin thethe unitaryunitary regimeregime
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This is the same behavior as for a gas ofThis is the same behavior as for a gas of
noninteractingnoninteracting (!) bosons below(!) bosons below
the condensation temperature.the condensation temperature.



ExperimentExperiment
John Thomas’ group at Duke University,

L.Luo, et al. Phys. Rev. Lett. 98, 080402, (2007)
6Dilute system of fermionic   atoms in a harmonic trapLi

•• The number of atoms in the The number of atoms in the tratrap: N=1.3(0.2) x p: N=1.3(0.2) x 10105 5 atoms atoms 
divideddivided 5050--50 among50 among the lowest two hyperfine statesthe lowest two hyperfine states..

•• FermiFermi energyenergy: : 

•• DepthDepth of of thethe potentialpotential::
•• HowHow theythey measuremeasure: : energyenergy, , entropyentropy andand temperaturetemperature??
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•For the weakly interacting gas (                                      )  the energy
and entropy is calculated. In this limit one can use Thomas-Fermi
approach to relate the energy to the given density distribution. 
The entropy can be estimated as for the noninteracting system with
1% accuracy. In practice: 

•The magnetic field is changed adiabatically (S=const.) to the value
corresponding to the unitary limit: 
•Relative energy in the unitary limit is calculated from virial theorem: 

•Temperature is calculated from the identity: 
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TheoryTheory: : locallocal densitydensity approximationapproximation (LDA)(LDA)
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The overall chemical potential and the temperature T are constant
throughout the system. The density profile will depend on the shape of
the trap as dictated by:

λ

Using as an input the Monte Carlo results for the uniform system and
experimental data (trapping potential, number of particles), we determine
the density profiles.



ComparisonComparison withwith experimentexperiment
John Thomas’ group at Duke University,

L.Luo, et al. Phys. Rev. Lett. 98, 080402, (2007)

THEORY
EXP.

THEORY

0
ho
FE Nε=

Ratio of the mean square cloud size at B=1200G to 
its value at unitarity (B=840G) as a function of
the energy. Experimental data are denoted

by point with error bars.

Entropy as a function of energy (relative to the ground state) 
for the unitary Fermi gas in the harmonic trap. 

1200 1/ 0.75FB G k a= ⇒ ≈ −

Theory:



Results in the vicinity
of the unitary limit:
-Critical temperature
-Pairing gap at T=0

Note that
- at unitarity:  

- for atomic nucleus:

/ 0.5Fε∆ ≈

/ 0.03Fε∆ ≈

At unitarity:

BCS theory predicts:

( 0) 1.7CT T∆ = ≈

( 0) 3.3CT T∆ = ≈
ThisThis isis NOT a BCS NOT a BCS superfluidsuperfluid!!

BulgacBulgac, Drut, Magierski, PRA78, 023625(2008), Drut, Magierski, PRA78, 023625(2008)



Pairing gap
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Pairing gap and pseudogap

Outside the BCS regime close to the unitary limit, but still before BEC, 
superconductivity/superfluidity emerge out of a very exotic, non-Fermi

liquid normal state

pseudogap

order parameter

TheThe onsetonset of of superconductivitysuperconductivity occursoccurs
inin thethe presencepresence of of fermionicfermionic pairspairs!

0.15(1)C FT ε=

*T
Monte Carlo calculations

!



Single-particle properties

* (1.0 0.2)m m= ±

( 0.5 0.2) FU ε= − ±

Effective mass:

Mean-field potential:

Weak temperature dependence!

Quasiparticle spectrum
extracted from spectral weight
function at 0.1 FT ε=

Fixed node MC calcs. at T=0



Susceptibility from the independent quasiparticle model

/ *, ,m m Uα = ∆

Dashed, dotted
and solid lines

ParametersParameters ((effectiveeffective massmass, , meanmean--fieldfield potentialpotential, , pairingpairing gap) gap) extractedextracted fromfrom thethe
responseresponse functionfunction withinwithin thethe independent independent quasiparticlequasiparticle modelmodel accuratelyaccurately reproducereproduce

resultsresults obtainedobtained directlydirectly fromfrom thethe spectralspectral weightweight functionfunction belowbelow thethe criticalcritical temperaturetemperature!!



ConclusionsConclusions
Fully nonFully non--perturbative calculations for a spin perturbative calculations for a spin ½½ many many fermionfermion
system in the unitary regime at finite temperatures are feasiblesystem in the unitary regime at finite temperatures are feasible andand
apparently the system undergoes a phase transition in the bulk aapparently the system undergoes a phase transition in the bulk at t 
TTcc = 0.= 0.1515 ((11) ) εεFF ..

BetweenBetween TTcc andand TT0 0 =0.23(2) =0.23(2) εεFF thethe system system isis neitherneither superfluidsuperfluid nornor
followsfollows thethe normalnormal FermiFermi gasgas behaviorbehavior. . PossiblyPossibly duedue to to pairingpairing effectseffects..

ResultsResults ((energyenergy, , entropyentropy vsvs temperaturetemperature) ) agreeagree withwith recentrecent measurmentsmeasurments: : 
L. L. LuoLuo et al., PRL 98, 080402 (2007)et al., PRL 98, 080402 (2007)

TheThe system system atat unitarityunitarity isis NOT a BCS NOT a BCS superfluidsuperfluid. . ThereThere isis anan evidenceevidence for for thethe
existenceexistence of of pseudogappseudogap atat unitarityunitarity ((similaritysimilarity withwith highhigh--TcTc supeconductorssupeconductors).).

DescriptionDescription of of thethe system system atat finitefinite temperaturestemperatures will will posepose a a challengechallenge for for thethe densitydensity
functionalfunctional theorytheory ((twotwo temperaturetemperature scalesscales areare presentpresent).).

SurprisinglySurprisingly atat lowlow temperaturestemperatures thethe gap gap extractedextracted fromfrom thethe responseresponse functionfunction
withinwithin thethe independent independent quasiparticlequasiparticle modelmodel accuratelyaccurately reproducereproduce thethe one one obtainedobtained
fromfrom thethe spectralspectral weightweight functionfunction..
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