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¾¾What is the unitary regime?What is the unitary regime?

A gas of interacting fermions is in the unitary regime 
if the average separation between particles is large 
compared to their size (range of interaction), but 
small compared to their scattering length.
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rr00 -- range of interactionrange of interaction a a -- scattering lengthscattering length

n n -- number densitynumber density
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BertschBertsch ManyMany--Body X challenge, Seattle, 1999Body X challenge, Seattle, 1999
What are the ground state properties of the manyWhat are the ground state properties of the many--body system composed of body system composed of 
spin spin ½½ fermions interacting via a zerofermions interacting via a zero--range, infinite scatteringrange, infinite scattering--length contactlength contact
interaction. interaction. 

In 1999 it was not yet clear, either theoretically or experimentIn 1999 it was not yet clear, either theoretically or experimentally, ally, 
whether such whether such fermionfermion matter is stable or not! matter is stable or not! 

• Baker (winner of the MBX challenge)  concluded that the system is stable.
See also Heiselberg (entry to the same competition)

• Carlson et al (2003) and Astrakharchik et al. (2004) provided the best
theoretical estimates for the ground state energy of such systems.

• Thomas’ Duke group (2002) demonstrated experimentally that such systems
are stable.  

WhyWhy??
Besides pure theoretical curiosity, this problem is relevant to Besides pure theoretical curiosity, this problem is relevant to neutron neutron stars!stars!

What is the What is the Holy GrailHoly Grail of this field?of this field?

Fermionic superfluidityFermionic superfluidity!!



Superconductivity and Superconductivity and superfluiditysuperfluidity in in FermiFermi systemssystems

20 orders of magnitude over a century of (low temperature) physi20 orders of magnitude over a century of (low temperature) physicscs

Dilute atomic Dilute atomic FermiFermi gases        gases        TTcc ≈≈  1010--1212 –– 1010-9 eVeV

Liquid  Liquid  33He                                    He                                    TTcc≈ 1010--77 eVeV

Metals, composite materials         Metals, composite materials         TTcc ≈  1010--3 3 –– 1010--22 eVeV

Nuclei, neutron stars           Nuclei, neutron stars           TTcc ≈  101055 –– 101066 eVeV

QCD QCD colorcolor superconductivity        superconductivity        TTcc ≈  10107 7 –– 10108 8 eVeV

units (1 eV ≈ 104 K)



1/a

T

a<0
no 2-body bound state

a>0
shallow 2-body bound state

halo halo dimersdimers

BCS BCS SuperfluidSuperfluid

High T, normal atomic (plus a few molecules) phase 

Molecular BEC andMolecular BEC and
Atomic+Molecular Atomic+Molecular 
SuperfluidsSuperfluids

Expected phases of a two species dilute Expected phases of a two species dilute FermiFermi system system 
BCSBCS--BEC crossoverBEC crossover

weak interactionweak interaction

weak interactionsweak interactions

Strong interactionStrong interaction



Neutron Neutron mattermatter::

Effective rangeEffective range: : rr0 0 ≈≈ 2.8 2.8 fmfm
Scattering lengthScattering length:: aa ≈≈ --18 18 fmfm

rr0  0  nn--1/3   1/3   ≈≈ λλF F /2/2 |a||a|
Density range

corresponds to

n n ≈≈ 0.0010.001-- 0.01 0.01 fmfm--3 3 

k k F F ≈≈ 0.3 0.3 -- 0.7 0.7 fmfm--11



Neutron Neutron mattermatter
ss--wave pairing gap in infinitewave pairing gap in infinite neutron matter with realisticneutron matter with realistic NNNN--interactionsinteractions

n n ≈≈ 0.0010.001-- 0.01 0.01 fmfm--3 3 

k k F F ≈≈ 0.3 0.3 -- 0.7 0.7 fmfm--11



Grand Canonical PathGrand Canonical Path--Integral Monte Carlo calculations on 4DIntegral Monte Carlo calculations on 4D--latticelattice
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Trotter expansionTrotter expansion
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Recast the propagator at each time slice and use FFTRecast the propagator at each time slice and use FFT
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Grand Canonical PathGrand Canonical Path--Integral Monte Carlo calculations on 4DIntegral Monte Carlo calculations on 4D--latticelattice

Discrete HubbardDiscrete Hubbard--StratonovichStratonovich transformationtransformation
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Grand Canonical PathGrand Canonical Path--Integral Monte Carlo calculations on 4DIntegral Monte Carlo calculations on 4D--latticelattice

Thermal average of Thermal average of oneone--body operatorbody operator
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Superfluid to Normal Fermi Liquid Transition:

BogoliubovBogoliubov--Anderson  phononsAnderson  phonons
and and quasiparticlequasiparticle contributioncontribution
(red line )(red line )

BogoliubovBogoliubov--Anderson phonons Anderson phonons 
contribution only (magenta line)contribution only (magenta line)

QuasiQuasi--particles contribution only particles contribution only 
(green line)(green line)

Lattice size: Lattice size: 
from  6from  63 3 x 112 at low  T x 112 at low  T 
to       6to       63 3 x 30   at high T x 30   at high T 

Number of samples: Number of samples: 
Several 10Several 105 5 for Tfor T

Limited results for 8Limited results for 83 3 
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Structure of the inner crust of 
neutron stars
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Nuclei

Electrons

Neutron Cooper pairs

ss--wave pairing gap in infinitewave pairing gap in infinite neutron matter neutron matter 

with realisticwith realistic NNNN--interactionsinteractions



BdG eqs.*
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1-dimensional problem: Bound state

( ) ( )
( ) ( )

Fik r
u r u r

e
v r v r
⎛ ⎞ ⎛ ⎞

=⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠



2( , ) 1iqLA eϕψ =Quantization condition:
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There is always at least one bound state!

Penetration length inside a barrier +∆
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-C NR Rξ <Localization condition:

Wigner-Seitz cell radius

Nuclear radius
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( ) 1F ρ >Localization condition:
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( ) 1F ρ >
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BCS pairing



( ) 1F ρ <
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BCS pairing



‘Spaghetti’
phase

Proton density
distribution

Hartree-Fock calcs. In
coordinate space for 
1000 nucleons in
the Wigner-Seitz (WS) 
cell!

Coulomb interaction
treated beyond the WS
approximation!

Neutron density
distribution

HartreeHartree--Fock Fock + BCS + BCS results results on on the latticethe lattice



Hartree-Fock + BCS results on the lattice
Periodic boundary conditionPeriodic boundary condition: : pseudomomentumpseudomomentum=0=0

(MeV) (MeV)

30.01 fmρ −= 30.05 fmρ −=

Localized state



Conclusions

• At low densities in the inner crust neutrons around 
the Fermi level may be localized due to the 
inhomogeneity of the pairing field.

• Bragg scattering on the pairing field is important!
• Influence on the transport properties (thermal 

conductivity) across the crust? Nucleon effective 
mass?



Robert B. Laughlin, Nobel Lecture, December 8, 1998Robert B. Laughlin, Nobel Lecture, December 8, 1998
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